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1-forms. We then give a thorough definition of a SO q ( iV)-covariant M^- 
bilinear Hodge map acting on the bimodule of differential forms on , 
introduce the exterior coderivative and show that the Laplacian acts on 
differential forms exactly as in the undeformed case, namely it acts on each 
component as it does on functions. 
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1 Introduction and preliminaries 



The noncommutative geometry program (3J Ej and the related program of 
generalizing the concept of symmetries through quantum groups [51 [251 [S] 
and quantum group covariant noncommutative spaces (shortly: quantum 
spaces) |19| |H] has found a widespread interest in the mathematical and 
theoretical physics community over the past two decades for its potential 
applications both in fundamental and applied phsyics. In order to make 
either program powerful on a specific model it is important to reproduce 
as many of the tools available in the corresponding undeformed (commuta- 
tive) geometry model (if any) as possible. The scope of the present work is 
to revisit and/or solve a number of related technical issues, left (partially 
ot totally) untreated or unsolved in the literature, regarding the quantum 
groups H = U q gl(N), U q so(N) of the classical series |6j[E], the noncommu- 
tative spaces ^3 [Hj on which they act, and the quantum group 
covariant differential calculi |221 1241 ^ on the latter. 

As known, the braid matrix R of H [H] is a N 2 x N 2 matrix, //-covariant 
deformation of the permutation matrix P. //-covariant (anti)symmetrizers 
7 3± of 2-tensors arise from the projector decomposition of R, or equiva- 
lently can be expressed as (first or second degree) polynomials in R. In 
analogy with the undeformed case, //-covariant (anti)symmetrizers V^' 1 
of ^-tensors (/ > 2) are expected (see e.g. ^3) to be polynomials in 
R\2, Rn-i)i, the matrices obtained as tensor products of R with 1 — 2 
copies of the N x N unit matrix. In section [21 we find a very compact 
and manageable recursive relation, through which these polynomials are 
determined. For H = U q so(N) this is in agreement with the much longer 
recursive relation found in Ref . J5j 1 ■ In section El we recall or prove 
properties of the //-covariant e-tensor ^3 El El El El and determine 
precisely its relation with the antisymmetric projectors V~' 1 . In section 
we introduce an open-minded generalization of the notion [5 a of vielbein (or 
"frame") basis of 1-forms on C^,R^ ; we modify the approach adopted for 
in j2 1, in that we allow the matrix trasforming the basis {dx 1 } into the 
vielbein to have as entries differential operators, rather than functions 2 . In 
section \5\ we introduce a thorough and consistent definition of a bilinear, 
[7 g so(iV)-covariant Hodge map, exterior coderivative and Laplacian acting 
on differential forms on M^. 

The projector decomposition of the //-covariant braid matrix R reads 

R = qV+-q- 1 V-, jfH=U q gl(N), 

(1.1) 

R = qV + - q- x V- +q 1 - N V\ if H = U q so(N). 

1 We thank the authors of |15) for calling our attention to their paper, which we didn't know, 
after the appearance of the first version of the present work on the electronic arXive. 

2 As a by-product some unpleasent aspects of the vielbein of 2 disappear. Incidentally, 
this change of attitude should allow to introduce a frame basis also for other quantum spaces, 
notably g-Minkowski. 



2 



V~ is the corresponding deformation of the antisymmetric projector. In 
Ijl.ljh the matrix T >+ is the C/ ? g r /(iV)-covariant deformation of the sym- 
metric projector, in (|1.1|) it is the f/ g so(A^)-covariant deformation of the 
symmetric trace-free projector, while V 1 is the trace projector. Thus they 
satisfy the equations 



pap/3 _ pa^a/3 ^ ^ pa _ ^ 



TV 2 * 



X2) 



where (1^2)^ = 5 l h 5 3 k ^ a, (3 = — , + in the H = U q gl{N) case and a,/5 = 
— ,+, t in the H = U q so(N) case. R is a symmetric matrix, and therefore 
also the projectors are: 



pa 



R 1 =R, V c 
The braid matrix fulfills the equation 

f(R\2) R23 R12 = R23 R12 /(-R23) 



;i.3) 



;i-4) 



for any rational function f(t) in one variable such that the spectrum of f(R) 
has no poles, in particular for f(R) = R, R^ 1 ,V a . Here we have used the 
conventional matrix-tensor notation R\2 = R (8> ljv, ^23 = ljv ® Ri where 
ljv denotes the N x N unit matrix. 

In the H = U q so(N) case the V 1 projects on a one-dimensional sub- 
space and can be written in the form 



' kl 



1 



Q 



V 



g lJ 9ki 



(1.5) 



where the N x N matrix g^j is a C/ g so(A r )-isotropic tensor, deformation of 
the ordinary Euclidean metric, which will be given in (|3.10j) . and 



Qn = g lm gi 



(l + q 2 - N )(q N -l 



A- 



2 +0 2" 



q 2 -l 

Here and in the sequel we use the "g-deformed numbers" 

q ±2y_ 1 





~N~ 


') 


~2 



[y] q ---- 



qV-q-v 



y 9 ±2 ■-- 



±(M) 



q-q~ x ' q±2-l 

The metric and the braid matrix satisfy the relations [S] 
y±llh _ £>=fiw „„_ jl ^±ii fc — rF 1 ^ 



;i.6) 



;i.7) 



Indices will be lowered and raised using gfjj and its inverse g lJ , e.g. 



0* := cM- 



9ij% 
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By taking powers of either decomposition one can can express the 
projectors as polynomials in R. One finds 

if H = U q gl(N), (1.8) 
if H = U q so(N). (1.9) 

The deformed algebras of functions on the two quantum spaces are 
called "algebra of functions on the quantum hyperplane C^" and "algebra 
of functions on the quantum Euclidean space M.^" respectively (h := Inq 
plays the role of deformation parameter); we shall denote either one by 
F. F is essentially the unital associative algebra over C[[/i]] generated by 
N elements x l (the cartesian "coordinates") modulo the relations (|1.1U|) 
given below. The corresponding ff-covariant differential calculi |24l ^ are 
defined introducing the invariant exterior derivative d, satisfying nilpo- 
tency and the Leibniz rule d(fg) = dfg + fdg, and imposing the covariant 
commutation relations between the x l and the differentials £ l := dx l . 

Partial derivatives are introduced through the decomposition d =: All 
the other commutation relations are derived by consistency. The complete 
list is given by 

^~lk xhxk = °> (i-io) 

x h e = qRjiZ j x k , (1.11) 

(^-r-)U h C k = o, (1-12) 

T'Wi = 0, (1-13) 
d iX P = 6? + qBi%x k d h , (1.14) 

d h e = q' l R- l %ed k . (i.i5) 

We shall call DC* (differential calculus algebra on R^) the unital asso- 
ciative algebra over C[[/i]] generated by x l ,^ l ,di modulo these relations. 
We shall denote by f\* (exterior algebra, or algebra of exterior forms) the 
graded unital subalgebra generated by the alone, with grading \ =the 
degree in £ l , and by /\ p (vector space of exterior p- forms) the component 
with grading \ = p, p = 0,1,2.... Each /\ p carries an irreducible repre- 
sentation of H, and its dimension is the binomial coefficient (^) [8~| ll()j. 
exactly as in the q = 1 (i.e. undeformed) case; in particular there are no 
forms with p > N, and dim(/\ N ) = (^) = 1, therefore f\ N carries the 
singlet representation of H. 

We shall endow T>C* with the same grading t], and call T>C P its com- 
ponent with grading \ = p. The elements of T>C P can be considered 
differential-operator- valued p- forms. 

We shall denote by O* (algebra of differential forms) the graded unital 
subalgebra generated by the with grading t], and by fP (space of 



q^ l l N 2±R 



q + q- 1 

. N 2±R- (q^ 1 ± q 1 -^ 



l + q- 1 
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differential p-forms) its component with grading p; by definition f2° = F 
itself. Clearly both ST and J7 P are F-bimodules. 

We shall denote by 7i (Heisenberg algebra) the unital subalgebra gen- 
erated by the x l ,di. Note that by definition DC = 7i, and that both DC* 
and DC P are "H-bimodules. Finally, we shall call F' the unital associative 
algebra generated by the d{ alone. 

In the H = {7 9 so(iV)-covariant case the elements 

r 2 := x ■ x = g kl x k x l , □ := d ■ 8 = g M d l d k = g kl d k d l 

are f7 g ,so(./V)-invariant and respectively generate the centers of F,F'. 

The if-covariance of the differential calculus implies that DC* is a 
(right, in our conventions) ^/-module algebra. All the information on the 
algebras DC*,H and the right action of the Hopf algebra H on DC* can 
be encoded in the cross-product algebra DC*xH. We recall that this is 
H (g) DC* as a vector space, and so we denote as usual g (g> a simply by ga; 
that HIjjc* , IrT^C* are subalgebras isomorphic to H, DC* , and so we omit 
to write either unit lx>c* > Iff whenever multiplied by non-unit elements; 
that for any a £ DC*, g 6 H the product fulfills 

ag = 9(1) (a <5( 2 ))- (1-16) 

Here A (g) = gru (g) g^ 2 ) denotes the coproduct of g in Sweedler notation. 
DC*XiH is a H- module algebra itself, if we extend < on H as the adjoint 
action, namely as 

h <g = Sg {1) hg {2) . 

In view of 16)1 , this formula will correctly reproduce the action also on the 
elements of PC*, and therefore on any element a £ DC*xH. The elements 
a 1 , with a % = x l ,^ l ,d l , transform with the ^-dimensional representation p 
of Uqsl(N) or U q so(N) respectively: 

a i <g = pj(g)ai (1.17) 

The above scheme applies also to the Hopf algebra H = U q so(N), which 
is the central extension of H = U q so(N) obtained by adding a central and 
primitive element r/ generating dilatations of elements of Tl, 

x i r) = (r t + l)x i , Cv = {v+1)€, = {rj - l)d l . (1.18) 

We shall call r\ also the generator of dilatations of U q gl(N). 

One can introduce an alternative if-covariant differential calculus re- 
placing qR by (qR)^ 1 in the defining relations (|1.11I1.15|) . The corre- 
sponding objects C>di can be realized as suitable "functions" of x 3 ,£ 3 ,dj 
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2 Completely (anti) symmetric projectors 

The projectors V^' 1 = \\V " '\ || project the tensor product of / copies of 
the TV-dimensional representation of H to the /-fold completely symmet- 
ric/antisymmetric irreducible representation V^' 1 of H therein contained. 
They are uniquely characterized by the following properties 

<p±A 2 = <p ± >\ (2.2) 
tx x Jr^ 1 ) = dmx{Vp l ), (2.3) 



where n = — , + in the U q sl(N)- and ir = — , +, t in the f7 g so(A^)-covariant 
case respectively, m = 1,...,/ — 1 and by V^r^u we have denoted the 
matrix acting as V* on the m-th, (m + l)-th indices and as the identity 
on the remaining ones. Eq. (|2.3|) guarantees that V^ 1 ' 1 act as the identity 
(and not as proper projectors) on V^' 1 ; for both H = U q gl(N),U q so(N) 
din{V N ' 1 ) = (f), whereas for H = U q gl(N) dim(V^) = \ N ^), for H = 
U q so(N) dim(V^' Z ) = ( N ^f) - { N ^)- In the appendix we prove 

Proposition 1 The projectors V can be expressed as polynomials in 
R\2, through either recursive relation 

' — 1 12. ..1 IV1 IJM) 1 12.../' \^-^> 



12... I 1 ' 1 1(1+1) ' 12.../' 

^ ± :.(/ + i) M i ± 2' i+1 ^ ± :.(/ + i)' ( 2 -5) 



where Pj.'j = V±' 1 ®1 N , P^\ m) = 1 N ® V±' 1 , M^+J = 1®.' 1 <g> M±> /+1 
etc., and 



M ±,l+i - l 
M ±,/+l 



[W] 



(2.6) 



q* l l N 2±[l] q R\ ifH=U q sl(N), 
' q Ti lN2±[ i ]qR+ 9N^Wk v ^ ifH= UqSo{N y 

As a consequence, they are symmetric, (V ±,l ) T = V^' 1 , and if H = U q so(N) 
<p±,lh-h Jiki jih _ . <p±,lh.~h <2T\ 

and the same with the matrix g %3 replaced by its transpose g 31 . 

In Ref. jnj we explicitly determined as examples just V^' 3 for H = 
UqSo(N). In Ref. ^5] longer recursive relations for V^ 1 ' 1 with arbitrary I 
in the case H = U q so(N) were given; the Ansatz adopted there was of the 
type P ± ' m = B ± ' l+1 V^ l ..i- The unknown N l+1 x iV' +1 matrices B^ l+1 were 
explicitly determined to be rather long polynomials in R12, Ra~i)i- To 
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go from our formula to theirs one just needs to set B^ l+1 = vfl .jM^y, 

to go from their formula to ours one has to multiply both sides by \ 
from the left and do a straightforward calculation using (j2.1|) . 1)1. l^ . 

Remark. One can easily check that in the H = U q gl{N) case the 
deformed (anti)symmetric projectors V ±)l can be obtained from the poly- 
nomials giving the undeformed (anti) symmetric projectors in terms of the 
permutators P m (m\-i) by replacing the latter respectively with ±g ±1 i2 m ( m+1 ) , 
and readjusting the normalizations. 



3 Properties of the //-covariant e-tensors 

In our convention indices i, j, ... take the following values: 

i = l,2,...,N if H = U q gl(N), (3.1) 

i = -n,..., -1,0,1,..., n if H = U q so(2n+l), (3.2) 

i = —n, . . . , —1, 1, . . . , n if H = U q so{2n). (3-3) 

Then the commutation relations (|1.12f) explicitly amount to 

qftj + tf? = i<j^~i, 
f f = 0, 

+ rt' = (q~q- 1 )E<l l+1 - i r i e I > h (3.4) 

i>l 

i>0 

Of course (|3.4j) ^ applies only to the cases H = U q so(2n + l), and (|3.4|h 
applies only to the cases H = U q so(N). The latter relations are equivalent 
to the equations (21) given in Ref. [TJ3, whence they can be obtained by 
an easy rearrangement of terms. 

As already said, as a consequence of (EH) dim(/\ N ) = 1. Setting e.g. 

7 iv d N x := ee-Z N if H = U q gl(N) 

j N d N x:=C~ n ^' n :^ n if H = U q so(N) 

one can introduce the matrix elements of the i?-covariant e- (or completely 
antisymmetric) tensor up to the normalization constant 7at by the relation 

fif2...fiv = d N x e hi2 - iN . (3.6) 

The e-tensors enter the definitions of the "g-determinants" [SlllUj. spe- 
cial central elements in the Hopf algebras H' dual to H, namely the alge- 
bras of functions on the quantum groups. In the appendix we prove the 
following proposition, which states a similar property for the g-determinat 
of the matrices having as matrix elements the socalled FRT (Faddeev- 
Reshetikin-Takhtadjan) generators of U q sl(N),U q so(N): 

c +,a ._ ft (1)^(^(2)^ c -a ._ pftn-^K- 1 ®; (3.7) 

here TZ denotes the quasitriangular structure. 
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Proposition 2 



jC + ' jN r+Jlgii-iN = £ ji-3N 
iff'" il 

Jn 



jC~' Jn r—,3i £ ii...iN = £ h—3N 
in'" *i 



In particular 
det (? £ ± : = 



r±,N r±,l M...i N _ 

L~ IN'" 1 " «1 C 



77V 

= 7iv 



ifH = U q sl(N), 
ifH = U q so(N). 



(3.8) 



(3.9) 



The [/ 9 so(iV)-covariant matric matrix introduced in (|1.5I) coincides with 
its inverse and is given by 

9ij </ J <f » (3.10) 

where (2pj) := (JV-2, JV-4, .... 1,0,-1, ... ,2- JV) for N odd, (2 Pj ) := 
(N—2, N—4, . . . , 0, 0, . . . , 2—N) for N even. Introducing the matrix U by 

(note that det U = 1), we can also recall the g-cylic property P3] 3 

Ji...i N _ /_i\N-ljjii € i 2 ...i N ji 



ifH 
HH 



U q gl(N) 
U q so(N) 



(3.11) 
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(3.12) 



Let / := (ii, and if I is a permutation of J := (1, ...,iV) denote 

by £(/) its 'length', namely its number of inversions. The [/ggZ(iV)-covariant 
deformation of the e-tensor ^3 EE IHj admits the following compact ex- 
pression, which closely resembles the undeformed counterpart: 



T l\l2-..tN 



if/ is a permutation of J, 
otherwise, 



(3.13) 



For the C/ 5 so(iV)-covariant one ^Uj so far no such compact espression 
has been found. In |1()|I18| several properties for general N and the explicit 
expression for e in the cases N = 3, 4 have been determined; we rewrite 
them here: for N = 3, with normalization 73 = q~ l 



£ -m = q -x 


e" llu = -1 


gO-ll = _! 


£ l)l-l = 1 


e 10 - 1 = -q 


e 1 - 1 " = 1 


^ uuu = l/v^-v^ 


£ ijk _ q otherwise, 



and for N = 4, with normalization 74 = q 



£ -2-m = q -2 








£ -22-ll = 1 


£ -22i-l = 


e -l-ai2 = _ g -l 


£ -il-22 = j 


£ -l-221 = ! 


£ -12-21 = _j 




£ -112-2 = _! 


£ l-l-22 = _! 


£ l-2-l2 = g -l 


e 1 - 12 - 2 = g 




£ l2-2-l _ 2 


£-1-22-1 _ _i 


£ 2-2-ll _ _j 




£ 21-2-l = _ g 


£ 2-21-l = j 




£ 2i-l-2 = g 2 


e- 11 - 11 = k 


£ 1-11-1 = _ fe 


e ljfe( = otherwise. 



3 The proof given in Ref. applies also to the H — U q gl(N) case. 
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For general N we can at least state the following properties, which can be 
easily proved as a consequence of 1)3 .4|) : 

Property. Let I = {h, i N }, J = {1, ...,N}. (3.14) 

Then e 11 — lN = unless all the following conditions are fulfilled: 

1. if N is odd, the subset Jo = {j \ ij = 0} has an odd number of 
elements; 

2. J — Jo is an union of pairs {h, k} such that ih = —ik\ 

3. the number \\ of pairs {h, k} such that ih = —i^ = I fulfills 
\l < n-l+1] 

4. for no j G J - ( J U {N}) ij = 

Property. jTU] .../y, N , v - /v r =: e lli2 ... lN = E i "'" iw . (3.15) 

We now give the relation connecting the antisymmetric projectors and 
the e-tensors. In the appendix we prove 

Proposition 3 Let (do)' 1 := Yl (e ai - aN ) 2 . Then 



<p-,lh— k d,TJ kl TJ k l f -ii + ±...i N h...i lp i m ...i N ki...k l 

' ji-ji ulu h " h 

^■J_r& ry(N-l)^ £ j 1 ...jiii H ..A N£ i m ...i N i 1 ...ii 
where d[ is defined by 



(3.16) 



d l :=d °mkjy. ifH = U q gl(N), 

j_N N__} 



(3.17) 



Clearly di = d^, in particular do = dw- In the H = U q so(N) case this 
can be also rewritten in the form 

rp-,lix...i x j . i l+1 ...i N . (3 1R) 



By an explicit calculation one finds that for the 73,74 given above 

f[2], V2 [3] 9l/a if 7V = 3 
do 1 = 1 3.19 
I 2([2] (?1/2 ) 2 [3] q ifiV = 4 

4 Vielbein bases 

The set of N exact forms is a natural basis for the F-bimodule CI 1 , 
as well as for the the Fx fZ-bimodule Cl 1 xH. By (jl.llj) . the do not 
commute with F. We are going to introduce alternative, socalled "frames" 
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(or "vielbein" bases) f5] which do, revisiting the notion and construction 
given in Ref. [2]. 

As shown in |121 |3] , there exist a algebra homomorphism 

if.A^H^A, (4.1) 

acting as the identity on A itself, 

<p(a) = a a £ A, (4.2) 

where H is either Hopf algebra H = U q sl(N),U q so(N) and A = 7i is 
the corresponding deformed Heisenberg algebra on C^,K^. One can im- 
mediately extend <p to the central extensions H = U q gl(N),U q so(N) by 
setting 

^(q-^) = q N A~ 2 (4.3) 

(adopting the same normalization factor q N as in ^3|), where the element 
A" 2 is defined by [U] 



K- 2 :=l+qkx l d l = l+0{h) if H = U q sl(N), (4.4) 

q N 
(l+q N 



N u2 

A- 2 :=l + qkx l di+ n } r 2 U=l + 0{h) if H = U q so(N), (4.5) 



(in [2011^ it was denoted by A). We are also extending H so as to contain 
its square root A -1 and inverse square root A as additional generators or 
as formal power series in the deformation parameter h = liaq. The latter 
fulfill the relations 

Ax* = g~ VA, Ad' = q&A, Af = f A, (4.6) 

and the corresponding ones for A -1 . For real q, ip is even a ^-algebra 
homomorphism. Applying <p in particular to both sides of (|1.16|) one finds 

aip(g) = if(g {1) ) {a <g {2) ). (4.7) 

In Ref. [2] to introduce a frame on first auxiliary objects 

:=q-^C-'iC l eQ^H (4.8) 

[with H = U q so(N), the negative Borel subalgebra of U q so(N)] were in- 
troduced, characterized by the property to commute with F 

[$ i ,F] = 0. (4.9) 

The reader can check (|4.9|) by a direct computation that x 3 ] =0. In [2] 
we also showed that there exists a suitable map ip~ of the type ()4.H4.2|) , 

with A a slight extension of F and H = U q so{N). Replacing q~ r] L~>\ by 
its </? - -image has no effect on the commutation relation with x J , see (|4.7|) . 
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whence we found that the elements 9 l := ip~~ (q~ v £~ (in H] denoted 
simply as {O 1 }) also fulfilled (|4.9|) . and therefore were called elements of 
a "frame" (or "vielbein"), according to the notion introduced in Ref. jSJ. 
Now it is also easy to check that the same ft 1 also commute with the 
derivatives, \& t , d 3 ] = 0. By the same reasoning, replacing in the theorems 
and proofs of Ref. [2| the map ip~ with the one <p, we arrive at 

Proposition 4 The sets and {6 1 } of 1-forms given by 

& := q -v-%C->}Z l = r^VmK)^-'}, (4.10) 
^ := A-^(C~j)e = i h k-\(S 2 C~i) (4.11) 

(u 4 := TZ-^S^TZ- 1 ^) are resp. "frame" bases of the HxU q so(N)- 
bimodule T>C 1 ~xU q so(N) and of the Ji-bimodule DC 1 , in the sense that 

[&\H}=0 [O i ,H}=0. (4.12) 

They satisfy the same commutation relations as the , 

(1 N 2 - V t ) i ^ h ^ k = (1^2 - VX k 9 h 9 k = 0. (4.13) 

Finally, they form a N-plet under the action ofUq P so(N) (i.e. U„so(N) 
endowed with the opposite coproduct). 

We just give the proof of the second equality in (|4.11|) . which was not 
given m 0. Recalling the coproduct j.) = C~\ ® C~'\ of the FRT 

generators we find 

= ^sc-is 2 c-\)e k ^\{sc-i)e k ^c-\) 

^ e^-Ms 2 c->i)=e^- i uMc-> k )u- i i. 

An analogous proposition for objects i9 a , 9 a obtained by replacing by 
£*, by C +,l h and n by — n holds. In Ref. 431 we have shown that 

the frame basis elements 6 a transform exactly as the coordinates x a under 
the ^-structure chraterizing real q (namely can be made real by a suitable 
C-linear transformation) . 

Explicit expressions for the images (/j(£~'{j) for the H's with the lowest 
N's, H = U q sl(2),U q so(3), can be found e.g. in Ref. |T1], section 4. 

As the commutation relations (|4.13j) among the h are exactly of the 
same form of the ones (j!.12|) among the £*, we immediately find that also 
the space (\q of monomials in 9 l of degree N has dimension 1. Moreover, 

e h 6 i2 ...9 lN = dV e hi2 - iN . (4.14) 

where dV G (\a is defined replacing in (|3.5[) d N x with dV and with l . 
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Proposition 5 The "volume form" dV is central in DC* and equal to 

dV = d N xA~ N . (4.15) 

Proof: With the definition of dV adopted for H = U q so(N) (the case 
H = U q gl(N) is completely analogous) 

= ... = A-v(£-^)...A-V(£-'r)^---^ 

*P A' N ip(C^...C-^e^d N x m ^ A~ N d N x □ 

The reader might wonder about the usefulness of the generalized notion 
of vielbein introduced in this section: generally speaking the differential 
forms uj p € Cl p and the functions / G F have a geometrical or physical 
significance, so since 6 a are in DC 1 rather than in CI 1 , the components of 
Up in the vielbein basis are in Ti rather than in F. The point is that, as 
we have shown in Ref. ^3], the difference between these components is 
irrelevant when evaluating functionals on CI , scalar products in Cl p , etc. 
by means of integration, provided Stokes' theorem applies. 



5 Hodge map and Laplacian on 

Having at one's disposal also the C/ g so(A r )-covariant metric matrix g^j, a 
([/gSo(iV)-covariant) Hodge map * : f\ p — ► f\ N p acting on exterior forms 
on was introduced (leaving some ambiguities) in |11[ I18j using both gij 
and the g-epsilon tensor, in analogy with the undeformed theory. As we 
are going to see, one has to fix the ambiguities to make * involutive and 
moreover add in the definition a suitable power of A in order to define a 
Hodge map on differential forms. It is more convenient to start giving the 
definition of the Hodge map in the frame basis: 

Proposition 6 For H = U q so(N) and any p = 0,1, ...,N one can define 
a H-bilinear map 

* : VC P -► VC N ~ P (5.1) 

the "Hodge map", such that *1 = dV and on each DC P , and therefore on 
the whole DC* , 

* 2 = * o * = id (5-2) 
by setting on the monomials in the 9 a 

*(O ai O a2 ...0 a *) = c p 9 a P +1 ...e aN e aN ... ap+1 ai - a "; (5.3) 

the normalization constants c p are constrained by the conditions 

c p c N ^p = dp. (5.4) 
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The most convenient choice for the c p will be given below. W-bilinearity 
implies in particular 

*{auj p b) = a*Lo p b Va, b£Tt, ll> p £VC p ; (5-5) 

i.e. applying Hodge and multiplying by "functions or differential opera- 
tors" are commuting operations, in other words a differential form ui p and 
its Hodge map image have the same commutation relations with x l ,d J . 
That this is true is evident in the frame basis, because of (|4.1'2[) . Rela- 
tion (|5.2[) easily follows from (|3.18j) . The fixed positive sign at the rhs of 
Q5.2J1 [cumbersome when compared with the more familiar (— 1)p( jv ~p)] is 
the sign of do and is due to the non-standard ordering of the indices in 
(|5.3|) . The latter in turn is the only correct one: had we used a different 
order, at the rhs of 1)5. 2 Jl tensor products of the matrices U , instead of 
the identity, would have appeared, because of property (|3.12|) . 
Using the "H-bilinearity of * in the appendix we prove 

Proposition 7 In terms of the basis of differentials 15. 3\) takes the form 

*(e ..£**) = g- Ar(p - JV/2) c P r p+i ...r jv ^ J v...v +1 n ''' ipA2p ~ JV - ( 5 - 6 ) 



This differs from the (incomplete) definition of Hodge map on exterior 
forms given in I18j by the presence of A-powers (needed for the 7i- 
bilinearity) , by the already noted crucial different indices order and by the 
explicit determination of the coefficients c p . From the above formulae and 
the commutation relations 1)1. 11|) . Q4.6)) it is evident that by restricting the 
domain of * to the unital subalgebra Q* C T>C* generated by x 1 ,^, A^ 1 
one obtains a F-bilinear map 

* : h p -> n N - p (5.7) 

fulfilling again Q5.2JI [just take a, b £ F in l|5.5j) ]: here F denotes the unital 
subalgebra generated by x i ,A . This restriction is what is the notion 
closest to the conventional notion of a Hodge map on : as a matter of 
fact, there is no F-bilinear restriction of * to £1*. 

From the bilinearity of the Hodge map and the explicit f/ 9 so(iV)-covariant 
form of (|5.6|) it immediately follows 

Proposition8 The Hodge map is U q so(N)-covariant, i.e. commutes with 
the UgSo(N) -action: 

(*lj p ) <g = *(co p <g) Vg G U q so(N) (5.8) 

This is true also for its restriction to the subalgebra Q* C DC* . 
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Remark: But * is not ?7 9 so(iV)-covariant. This is due to the fact that rj 
has a nontrivial action on each £ l , and * changes the degree of a monomial 
in the £*'s. 

As in commutative geometry we introduce the exterior coderivative by 

5 := -*d*. (5.9) 

In Ref. [T3] we show that (at least for positive q) 5 can be seen as the 
hermitean conjugate of d acting on f2* endowed with a suitable scalar 
product. The residual freedom left by (|5.4j) in choosing the c p is eliminated 
by requiring that the differential operator d 5 + 5 d is a scalar proportional 
to d ■ d, as in the commutative geometry case. In the appendix we prove 
the following proposition: 

Proposition 9 The "Laplacian" A := d5 + 5d reduces on all VC* , and 

in particular on f2*, to 

A = -q 2 d ■ OA 2 = -q~ N d ■ d, (5.10) 

provided we choose 

i N-l i_K , K-i 

l rr q 2 +q 2 



A Appendix 

We begin this appendix by recalling few basic properties about the univer- 
sal i?-matrix, or quasitriangular structure ft of the quantum groups 
U q g , while fixing our conventions. ft intertwines between A and opposite 
coproduct A op , and so does also ft^ ■ 



K (^(i) ® 9(2)) = (9(2) ® 9(i))K , 

K 2i (9(i) 8>5(2)) = (9(2) ®9(i))T^2~l- 



(A.l) 



It fulfills 



(A®id)ft = ft 13ft 23, (A.2) 

(id® A)ft = K 13 Tl 12 , (A.3) 

(S®id)ft =U~ l = (id® S _1 )ft, (A.4) 

S- l (g)=u- l S(g)u (A.5) 

where u, which is defined up to an invertible central factor, can be taken 
e.g. as the u = ui with 

ui : = (Sft (2) )ft (1) , (A.6) 
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From (|A.1IA.3|) it follows the universal Yang-Baxter relation 

^12^13^23=^23^13^12- (A. 7) 

The braid matrix R jS] is related to the quasitriangular structure 1Z by 

&hk = R hk : = 1 aN (fi ® Pk) n = ^/°i( £+ l)> where a N = l/N for 
= U„gl{N) and ctjv = for H = U q so(N). With the indices' convention 
described in section is given by 

r= qJ24® 4 ® 4 + k H4 ® ^ ( A - 8 ) 

when = Uqsl(N), and by 

fl = g J] e j® e j+ J] eJlSeJ + g-^ep^eLi (A.9) 
or 1=7=0 



when = U q so(N). Here e*- is the N x N matrix with all elements equal 
to zero except for a 1 in the ith column and jth row., and k := q — q^ 1 . 

In the H = U q so(N) case, using p.7|) . (|1.5j) it is not difficult to show 
the following formulae 

^'i2^23 1 = QnV^V^R^, ^tl^vi = QnRivVIzV^, / a 1q n 

v t 23 Rti = QNr t 23 v t 12 RJi, Rfirl 3 = Q N RfMA 

which are written in matrix-tensor notation in order to let us do many 
proofs avoiding indices i,j etc. Moreover, 

p a b (Sh) = g ad P c d (h)9cb, S^i = g ih ^ig kj . (All) 

Proof of Proposition [T] 

One can determine the projectors V^' 1 iteratively. We adopt the Ansatz 
Q2.4JI with M = / ± (iZ) a matrix to be determined. The most general one 
is 

M± ' l+1 = < 2 +i ( X + PmR) ifH = U q sl(N) 

M±-W = af N 2+1 (l + /?± £ + if H = ^ S0 (iV) 

(A.12) 

We first determine the coefficients ^,7^ by imposing the conditions 
(|2.1j) . By the recursive assumption, only the condition with m = I is not 
fulfilled automatically and must be imposed by hand. Actually, it suffices 
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to impose just ()2.1|) i . due to the symmetry of the Ansatz Q2.4|) and of the 
matrices V 1 * under transposition. Setting 



V + 

V '+ 

' 1(1+1) 



1 1(1+1) 

^f{l+l) + Pl(l+L) 



if H = U q sl(N), 
\iH = U q so{N), 



this amounts to 



= V 



±,l+ip'+ 



l2~4l 



1(1+1) ~ 1 l...l lvI l(l+l)' l...(l-l)' 1(1+1) 

= viiKmKi)i v ^U p m-ir (A.13) 

In the H = U q sl(N) case (|A. 13|> becomes 



,±,z-i 



,±,1-1 



oc V 



±,l 
1...1 



l N m +^ x Ri(m) +PT R (i-i)i +P^P^-i R i(i+i) R (i-i)i 



V 



±,1-1 



i...(i-i)' i(i+i) 
(A.14) 



where we have used the braid equation (|1,4|) to see that the term propor- 
tional to ffifip* vanishes, and the relations 



The condition that the square bracket in (|A.14|) vanishes is recursively 
solved, starting from I = 1 with initial input = (since V^' 1 = l]\r), 
by 

P± 1 = ±q ±l l g±2 . (A.15) 

[for I = 2 this gives back ifTKjl]. 

In the H = U q so(N) case (|A.13|) becomes 



oc V 



±,l 
1...1 



^0ti^Km) R (i-i)i+ltlti v h+i) V ^ 
^Pti R i(i+i) v (i-i)i\ v x'^i-i) v i(m) 

Pui i^+Pti [Tq^iN+i+ig 1 ^ ± q Tl )rj m ] +7^ 1 ^ (w) ±g ±1 /? z ± i^ + i 

^ ± 7 i +i^i)^(Vi)«+A ± 7ziQ^^(/ + i) 7: '(Vi)« [TQ^lNm + iq"- 1 
±q ±l ) Vt {m) ] ±g^ 7 ±/3±Q^ (w) P ( V 1)z } 



7V-l ±g ±l 



Q 
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where we have used the braid equation (|1.4|) to see that the term propor- 
tional to ft^flpi vanishes, and the relations 

RP'T = [ Tq ^l N2 + ( q i-K± q ^)*pt] V'T 

= QivP? (W) ^_ 1) jTg ±1 lATW + (^- 1 ±9 ±1 )^ (W) 



' 1(1+1) 



^l{l+l)^ll~l)lPl{l+l) = -rfT' P l{l+l)- 

The conditions that the three square brackets vanish 

HN 

are recursively solved, starting from / = 1 with initial input (3^ = = 7^ 
(since 7 ?± ' 1 = In), again by ()A.15|) and by 



( ^-i)(i + ^) ( ^- 1)(1+ „^) 

[for / = 2 this gives back lfO?jl]. 

We determine the coefficient by imposing the condition (|2.2j) . For 
both # = U q sl(N), UgSo(N) this gives 



= (p*** - 1^) «P ^ - 

in the last equality we have used IpTi} . (TQ2|l . (fT~T|> . The condit ion that 
the square bracket vanishes is recursively solved, starting from / = with 
initial input = 1 , by 



By using Ql.fiJ) we give at the form (|2.6|) for M 1 * 1 '^" 1 . 

To check that (|2.3|) is satisfied we just note that the dimension of each 
projector is an integer, that it is the required one for q = 1 (since in this 
limit the projector reduces to its undeformed counterpart), and therefore 
it is also for any generic q, by continuity in q. 
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Proof of Proposition [2] 

Being //-invariant, the element £ ll £* 2 ...£ 4jv E f\ N commutes with all H 
(within T>C* x H). Therefore 



CP) 



1 

JTT7 



«r 1 (flw w )w[;jpJ(wg]).-pg(w[K +1) )^.-e 



(i) 



tJiV 



(2) 



(1) 



ft 



£51 £jiV 



^ (5- 1 ^g ) )...(5- 1 ^f)4(^f ) )...^(^SJ ) )e-..^ 



'A f ,, 



where IZi, ...,1Z n just denote iV different copies of ft ; factoring out d 
[see Eq. (|3.6|l ] the claim follows. 

Proof of Proposition 1^1 

We start by recalling the relations (which can be easily checked using the 
explicit definition of R, U, V 1 given above) 



tr 2 (U 2 R 12 )=q N l N tv(U) = [N} ( 



if H = U q gl(N) 



tT 2 (u 2 R 12 )=q N ~ 1 l N tr 2 ([/2P* 2 ) = -^ tr^ = Qjv, if H=U q so(N) 

where U^ 1 = 1^0 U^ 1 and tr 2 denotes matrix trace on the second factor 
in the tensor product ® C^; this implies 



tr 2 (U 2 M 12 ' 1 ) =b t l N , 



where 



[N-l + l]c 
[l] q 



ifH = U q gl(N) 



(A.17) 



(A.18) 



b, = t^- 



q l - l Q N -[l-l]c 



1 

ft 

[N-l + l] q q-^ + q 1 '- 
[l] q ^f+W+^-f 



.N- 



1 , ( 9 - 2 -l)[/-l] ( 



+ 



g-l_|_ g JV+l-2/ 

i£H = U q so(N). (A.19) 



By the definition ()3.6|) of the e-tensor and (|1.12|l the claim is manifestly 
true for I = N, 



-,Nh...i N 
31— JN 



d^s 



■H—lN C-31—3N 
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because the rhs fulfills all conditions H2.U2.3j) . We prove the claim for the 
remaining I < N by induction, with N inductive steps. Assume the claim 
is true for I = m + 1: 

<r>— ,7Tv|-l«i-"im+i j rrfei rrWi c »mt-2-..iiv*i-Wi c.»m+3— izvftl— fcmt-l 

Multiplying both sides by (and summing of course also on the re- 

peated indices , jm\-l ) we find on one hand 



-,mfl 



i\...i n 



= d 1 t/^ 1 ^^ m ^ 2 ^"^ 1 £* m +2---*A r *l---*™+lg;*™+2---*Jvfcl---'Cm+l 

EH2l 



ri ^TT^l Tjkm c i m +i...i]vU...im < S m ! r ...ij<jk\...k m 

a rrt¥l u ji ...u jm e e , 

and on the other 

— Orirfl/ 12. ..m> 

whence by comparison the claim for i = m follows, because d m bm±i = dm±i. 
Proof of Proposition [7| 



Ihs^M *[(fi(q v S£-f 1 )e^K..cp(q^S£- i T)e^} 
'^P *[^(g' 7 5£-'} 1 i )...^(g'' J 9£-'j)^ 1 ...^] 



Jfc Ar ...fc p+1 ii...ip 
yhpfiN ■■•i/rap+itp+i c 

™ c p g-^/ 2 A%^..^^^ 

Qhp+i gh N £ k N ...k p+ ih...i p 

^c p g-^^-^ 2 )A 2 ^^^...^ +1 ^ +1 ^^..^ e %-..^ + in..^ 
= c p g-^- JV / 2 )A 2 ^ Wl -^Q jV ...W 1 ' 1 - ip 



19 



Proof of Proposition [HI 

We now evaluate the lhs (|5.1()j) on each VC P . We find 

(d*d* + *d*d)l = *d*dl = *d*C 1 d h 
= q-w-^a* de 2 -e N e iN ... i ^A 2 - N d il 

= { _ 1)N - lq - N{1 -f )ci ^ i2 ^ Nd£iN .n A 2-N dh 

= (-l) N - 1 q- N c l c N e^- i ^A N d J e lN ...^A 2 - N d tl 
= q 2 c 1 c N U- lj h e hi2 --- iN d 3 e iN ... i2 h d h A 2 
= q 2 c 1 c N g lj e l i *- iN d j e iN ... l2 h d h A 2 

di di 



o _ JV N 

q ci q 2 +q 2 



□A 



2 



for p = 0, for p = N 

(d*d*+*d*d) d N x = d* d* d N x = q-^r CN d* dA N = g -Tr CN d* ^d h A N 
= q- N c NCl de 2 ...e N e tN ..^A 2 ~ N d n A N 
= (-l) N - 1 q 2 - 2N c N c l e 2 -.e N de lN ... l2 11 d n A 2 

= (-i) N -\^ 2N c N c 1 e 2 ...e N ed j e iN ... h h o h a 2 

= {-l) N -\ 2 - 2N c NCl e^- 1 ^ d N xE iN .. A * djd h A 2 
= q 2 c N c l g^e l i2 - iN e iN ... l2 h djd ix A 2 d N x 

= ^pLg^d^A 2 d N x = q ^UA 2 d N x 
d\ d\ 

q -E. SL 

qCl q ' 2+q2 DA 2 d N x 



co[N] qq i— +qT~ l 
for p = N, whereas for p = 1, 2, JV-lwe find on one hand 

d*d*e i ...c p ® (-i)^g-^f) +w - 2 %d*e ip+i ---^ei JV ... Jp+1 ii --- ip A 2 ^ 7V ( i 

IP { _ l)N ^ q _ N{ ^ f)+N _ 2 ^ N[N ^N )c ^ N ^ d 

phi chp-i i p+ i...i N i i 1 ...i J ,A2fl 

? tfi,p_i...fi,i tljv---«p+l J1 u % 

i/ c-lphp-i...hi t-i N ...i p+ \ il 

2 -2p c P c A f -?>fl th x th p -i d <pa,ph-ip-iip gj p 
dp " hi...hp-ij p 

and on the other 

*d*dC 1 ...e* = (-l) p *d*C 1 ...C p d 
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E23 



%i...ip+\ A 2pf2-AT o 

JjV...«p+2 yl 



I3J-8I 2-2p c p+l c iV-p 



F . . ' '/■• \'-,) 



JjV...«p+2 
2 



El g 



2-2p 



thl t/ip-pa,pfl*l-..«pfl n hp\ijNfl. f). A 
CpHCN-p chl 



\p+l] q dpa 



l + q N-2p hp- 



d jN d ip+1 A 2 



7 2-2p 



[p+l] g dpn ? - ? 



iPtey 11 hj+ihp i + q N-2p°h p y 



\p+l] q dpYl 
[P] q ( I' 1 + 



(9- <9- A 2 



2-2p 



c p+-l c AT-p 



glH-l-T+gT-P-l 
2 +g 2 



8- 8- A 2 



p-- , — — p 

q^2 +q 2 p 



A 



(A.20) 



In order that the second term in the square bracket be opposite of d * d *£ n 
it must be 







CpCjV-pfl 



\p]q Cj^iCN-p 



d 



V q 

N N 



Hr+gT-P [P+I]g dpfl 



g -+gT [p] q \[N-p-l] q \ 



~2-\-q-2~v [N] q \dN 
namely, for p = 1, 2, AT— 1 

This recursion relation is solved by 

'[N~l] q 



C\C N . 



(A.21) 



When replaced in ()A.2fl|) we find, on all of T>C* , and in particular on O*, 



(d*d* + *d*d) C 1 ...^" 



9 —KK 
q ci q 2 +q 2 



□A 2 ^ 1 . (A.22) 
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N-2 

Taking ]~[ of both sides of ()A.21|) and multiplying the result by cq{c\cn) 2 

p=i 
we obtain 



did 2 ..-d N c N = c (cic N ) 



x ,[N-l] q \ f[N-l] q 
[l] q )-\[N-2] q 



implying, because of (|3,17|) . 

\ N / v N N-l i-K . K-i 

\ _( C!C N \ c N -p-r q l 2 +q 2 ^ 

J ~\d N [N] q )J - co[N] q \ q -% +q ± 



ci 



co[iV], 



Before proceeding we note that we are still free to choose the value of 
d>N = cqCn and the normalization of cat w.r.t. cq, in other words we are 
free to choose the values of both cq, cjv- We choose 

N-l ,_K , 
1 T—r q 2 -\-q 2 

cat = !> c o = d N = tTtt t I I -riv ^rr; ( A - 23 ) 

^ V ^ ! i Jo q ~+q~ 

the first choice guarantees that *1 = dV, and therefore also *dV = 1 in 
view of * 2 . As a consequence, 

\ JV / i_J¥ JL-1 \ ^ 
ci \ q 2 +q 2 \ 



Mm, 

implying 



_ JV JV 

y 2 +q 2 



i_jv JV, TV— 1 i N N_i 

' 2 +q 2 1 -p-r q 2 -\-q 2 



Cl = C [N]g— E — = [[ 

q 2 -\-q 2 L ^Je • {=1 y 2 +y 



JV JV_, • 
2 1 



Multiplying both sides of (|A.21|) by 1/c/v-p = Cp/d p and using (|3. 17|) we 
thus obtain the recursion relation 

1 JV JV_i 

qP~2 +q 2~p 

Solving the latter, the final result for p = 0, 1, N reads (j5.11|) . As for 
(|A.22|) . we find that on all of T>C*, and in particular on f2*, ([5.10)) holds. 

Finally, we see that the normalization condition (|A.23|) for d^ = do 
implies a specific value for the normalization constant 



(e 1 

7JV — <> , - n (l-n)...rn-l 



.12...iV\-l 



in (|3.5j) . which can be computed case by case. In particular, for the cases 
N = 3, 4 this implies a different normalization w.r.t. the one adopted in 
section El 
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